On a theorem of Benson and Parker  by Yoshida, Tomoyuki
JOURNAL OF ALGEBRA 115, 442444 (1988) 
On a Theorem of Benson and Parker* 
TOMOYUKI YOSHIDA 
Department of Mathematics. Hokkaido University, Sapporo 060, Japan 
Communicated by Walter Feit 
Received February 27. 1987 
The purpose of this note is to give a short proof to the following well- 
known theorem of Benson and Parker in the case where the coefficient field 
is algebraic over a prime field. After this, G denotes a finite group and F 
denotes a field of characteristic p > 0. Furthermore, all modules considered 
are finitely generated. The cardinality of a set X is denoted by 1x1. The 
composition of maps f: X + Y and g: Y -+ Z is denoted by fo g: X + Z. 
THEOREM (Benson-Parker [Be841 2.18.6). Suppose A4 and N are two 
FG-modules, and ,for every FG-module X, 
dim. Horn&M, X) = dim, Horn&N, X). 
Then A4 z N. 
We prove this theorem under the following assumption. 
The field F is algebraic over the prime field [F,,. (A) 
We now begin to prove the theorem under this assumption. Suppose A4 
and N are not FG-isomorphic. By (A), we may assume that F is a finite 
fields. (If F is infinite, consider the field given by adjoining all the entries of 
matrix representations G + CL(M) and G + CL(N) to the prime field.) Let 
C be a finite family of FG-modules which satisfies the following conditions: 
(a) M, NE@. 
(b) IfAgBfor A, BE@, then A=B. 
(c) If f: A + B is an FG-homomorphism for A, BE c, then Im f is 
isomorphic to a (unique) C E C. 
For example, a complete set of representatives of isomorphism classes of 
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all FG-submodules of MO N satisfies these conditions. We define three 
matrices H, L and U whose rows and columns are indexed by C as follows: 
H := (H,,), HA, := IHom,M WI, 
L := (LAB), LAB := ISurj(A, B)I, 
U := ( U.4B), UAB := (Sub(A, B)I, 
where Surj(A, B) is the set of surjective FG-homomorphisms of A to B, and 
Sub(A, B) is the set of FG-submodules of B isomorphic to A. Since F is a 
finite field and all modules are supposed to be finitely generated, these sets 
are finite sets, and so the matrices II, L, U are well defined. We claim the 
following: 
H=LU. (1) 
In fact, by (b) and (c), we have that 
HAB = IHom,(A, WI = 1 ISurj(A, D)l 
DcB 
=& D;B ISurjM D)l= 1 1 ISurj(4 C)l 
C-EC DcB 
.D’- C :D’C 
= c;c LA, UC,. 
We arrange @ in order of their dimensions, so that clearly U is a unipotent 
upper triangular matrix and L is a lower triangular matrix. Furthermore, 
L,, = ISurj(A, A)1 = IAut(A)I # 0 
Thus (1) yields that 
det H=det(LU)= n IAut(C)I #O. 
ctc 
(2) 
Since A4 is not isomorphic to N, it follows from (2) that the Mth row and 
Nth row of H are distinct; that is, there exists XEC such that 
lHom(M, X)1 # IHom(N, X)1. This contradicts the assumption of the 
theorem for M and N. The proof is complete. 
Remark. (1) If we define a diagonal matrix D by D,, := 
lAut(A)I 6AB, then we have a so-called LDU-decomposition 
H= U’DU, UaB := ISub(B*, /I*)[, 
where A* := Hom,(A, F) is the dual module. 
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(2) The decompositions of the horn-set matrices of these type hold 
also for finite categories with unique epi-mono factorization property 
(see [Yo87]). 
(3) By the uniqueness of LU- and LDU-decompositions, when we 
know the horn-set matrix H, we can theoretically decide whether an 
FG-module A4 contains an FG-module N. Furthermore, we can represent 
U ’ and also HP ’ by using the Mobius function of the submodule lattices 
(see [Yo87]). 
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